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Let F be a function from { - 1,1 }n into itself, whose components are antisymmetric sign func- 
tions. We give bounds on the cycle and transient length for parallel iteration on F. 
1. Introduction 
Let F:  { - 1,1} n- ,  { - 1,1} n be a mapping whose components, f l ,  .... f .  are sign 
functions: 
Vi (1, . . . ,n),  Vx~{- l ,1}  n 
1 if ~] a0xj<0,  
f /(x)= J=' 
otherwise 
where A = (au) is a real n x n matrix. 
This kind of networks has been used as a model in different areas: neural net- 
works, spin glass simulations and group dynamics [1,2,3]. Here we shall study the 
case when the matrix A is antisymmetric, i.e., aji = - a 0 for every i , j  (1, ..., n). Fur- 
thermore we shall assume that each function f is strict: 
aijxj~O Vi (1, . . . ,n),  Vx~{-1 ,1}  n. 
j= l  
We are interested in the transient length and the periodic structure of the parallel 
iteration on F, i.e., 
x( t+ l )=Fx( t ) ,  t=0,1 ,2 , . . . ,  x (0 )e{-1 ,1}  n. 
Clearly, since { -1 ,1}  n is a finite set, all the trajectories (x(t))t>o are ultimately 
periodic, hence, for any configuration x e { - 1,1 }n there exist numbers p(x), q(x) 
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called respectively the cycle and the transient length, such that: 
x(t+p(x))=x(t)  for any t>_q(x) 
and 
x(t+s):~x(t) for any t<q(x) or O<s<p(x). 
We denote also T(F)=max{q(x); xe{-1 ,1}  n} and call it the transient length 
associated with the parallel iteration on F. 
2. Energy associated with F 
The energy associated with the parallel iteration on F is the following function: 
n /7 
E(x, y) = - ~ x i ~. aijYj where x, y e { - 1, 1 } n. 
i=l j= l  
Lemma 1. Let A be an antisymmetric matrix and let the (fi) be strict sign func- 
tions. Then, if there exists k e {1, . . . ,n} such that xk(t + 1)=Xk(t-- 1), then 
AtE = E(x(t + 1), x(t)) - E(x(t), x ( t -  1)) < 0. 
Proof. Since A is antisymmetric: 
t/ n 
ATE=- ~, (xi(t+ l)+xi(t-1)) ~ aij.~(t) 
i=1  j= l  
and since the (f~) are strict sign functions we have: 
n 
--(xi(t+ l)+xi(t--1)) ~ aijxj(t)=O iff 
j= i  
and 
n 
- (x i ( t  + l )+(x i ( t - l ) )  ~, a~ixy(t)<O 
j= l  
Hence, we obtain the result. 
xi(t + l )~x i ( t -  1) 
iff xi(t+ 1)=x i ( t -  1). 
3. Periodic structure on F 
From previous lemma, is easy to see that, in the steady state, the energy is cons- 
tant, i.e. AtE=O, hence we have the following result: 
Theorem 1. Let A be an antisymmetric matrix and let the (fi) be strict sign func- 
tions. Then the parallel iteration on F has only cycles of length 4. 
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Proof. Let (x(0), . . . ,x(p-1))  be a cycle of period p. Since in the steady state 
AtE=0,  we have for any i= 1, . . . ,n, and t~ {0, ... ,p -1}  
n 
(xi(t + l)+xi(t--1)) ~ aijxj(t)=O. 
j= l  
Since ~2 aUxj(t)=#O, we obtain: 
x i ( t+ l )=-x i ( t -1 )  Vt~{O,. . .p-1}.  
Hence the only possible period is four, i.e. for any te  {0, . . . ,p -1} ,  
x( t )  = x(t  + 4). 
4. Transient length 
Let us suppose that the antisymmetric matrix A has only integer entries; i.e. 
n aij ~ 7/, also, we suppose that for every i (1, ..., n), F.j= 1 aij is odd. This hypothesis 
implies that the sign functions are strict. 
Theorem 2. Let A be an integral antisymmetric matrix, such that all the line sums 
are odd. Then the transient length on F is bounded by: 
n n 
T(F)< ½UAll where ~A[[ = ~ ~ [aij 1. 
i= l  j= l  
Proof. Let (x(0), . . . ,x(q-1)  be a transient trajectory, and x(q) the first state 
belonging to a cycle. From previous hypothesis the energy verifies: 
and 
Hence: 
[Atgl>-2 
-IlAll<_E(x(t),x(t-1))<_O for any t6 ( l , . . . ,q - l ) .  
-IIA~ <__E(x(t), x ( t -  1))___ - 2 ( t -  1). 
Furthermore, since x(q) is the first state belonging to a cycle: 
-~A[I + 4 <_E(x(q- 1), x(q -  2))_< - 2 (q -  2). 
Then q< ½~A[[. 
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Conclusions 
In the case of regular arrays, i.e. aij~ {0,1} and card{aij;aijg=O}<k for any i 
(1, ..., n), the transient length is linear in n: T(F)= O(k. n). 
Finally we may prove this kind of results in the more general case of positive func- 
tions and other iterations modes [4,5]. 
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